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Stimulated generally by recent interest in the novel spin Hall effect, the nonrelativistic quantum
mechanical conserved currents, taken into account of spin-orbit coupling, are rigorously formulated
based on the symmetries of system and Noether’ theorem. The quantummechanical force on the spin
as well as the torque associated with the variance of angular momentum are obtained. Consequently,
the kinetic interpretation of the variances of spin and orbit angular momentum currents implies a
torque on the ”electric dipole” associated with the moving spin. The bearing of the force and the
torque on the properties of spin current in a two-dimensional electron gas with the Rashba spin-orbit
interaction is discussed.
PACS numbers: 72.10.Bg, 71.70.Ej, 72.25.-b
The theoretical prediction of spin Hall effect (SHE)[1,
2, 3, 4] has drawn considerable interest recently. The
spin Hall current comes forward from the assembly effect
that the carriers with opposite spins move in the oppo-
site directions perpendicular to the electric field. Equiv-
alently, a spin imbalance between its opposite flows is
electrically generated via the spin-orbit (SO) coupling in
the confined semiconductor. The manipulation of trans-
verse force on the moving carriers with different spin
orientations, i.e., pushes spin-up and -down carriers in
the opposite directions, is understood as a dynamical is-
sue of spintronics[5, 6, 7]. By using the optical meth-
ods, the experimental detections of spin accumulation in
connection with SHE have recently been reported[8, 9].
The effect of impurity scattering on SHE has also been
investigated[10, 11, 12].
However, a more fundamental question is emerged in
the conventional understanding of SHE. The validity of
the description for various physical properties of SHE de-
pends on the correctness of definition for the spin current
operator[13, 14, 15]. Since the translational and rota-
tional motions are associated to the force and torque,
without a rigorous definition of spin current, in some
sense, the discussion about the convenient power source
for the spin current is also somewhat arbitrary. Cur-
rently, the spin current operator is practically defined in
analogy with that of charge current as a tensor operator
of symmetric multiplying of Pauli matrix and velocity,
JSα = (~/2){σα,v}[2, 3, 4]. Nevertheless it does not sat-
isfy a continuity equation[13, 14, 15], ∂ρSα/∂t+∇·J
S
α 6= 0,
where ρSα = (~/2)ψ
†σαψ is a spin density. Unlike the
charge current, the conserved spin current can not be ob-
tained within the context of Schro¨dinger equation with
the addition of the SO interaction.
Actually, spin motion is intimately related to the or-
bital angular momentum of spin carriers. If we identify
spin as the internal angular momentum of carriers, the
orbit angular momentum can then be regarded as a dy-
namical property of carrier motion. The transmutation
of spin orientation is compensated by that of orbit angu-
lar momentum during the carriers moving in the system.
Although the spin current is not conserved, the total an-
gular momentum consisted of both spin and orbit angu-
lar momenta should be conserved if there is no additional
external force and torque.
In this paper, we inherit the Noether’s idea[16], and
provide a systematical formulation of the conservation
laws for the translational and rotational motions of spin
carriers based upon the generic symmetry principles.
Considering a system with Dirac fermions coupled to an
electromagnetic field, we formulated the practical forms
of spin and orbit angular currents with the symmetries
being maintained in the sense of the validity of Noether’s
theorem. The nonrelativistic approximation (NRA) of
conserved currents is derived with the conservation laws
being guaranteed. Under this formalism, the torque on
the angular momentum and the force on spin carriers can
be identified rigorously. As a result we gain an insight
of torque on the transmutation of spin orientation and
orbit angular momentum, and ascertain the role of SO
coupling in the conservation laws.
Consider first the relativistically covariant Lagrangian
of a closed system involved Dirac fields Ψ, Ψ, and
electromagnetic field Aµ. The corresponding La-
grangian is given by L = −(~c/2)Ψγµ
←→
D µΨ −mc
2ΨΨ −
(1/4)FµνFµν [16, 17], where the four-vector notations
have been used (µ = 1, 2, 3, 4): xµ = (x, ict), Aµ =
(A, iϕ), and γµ =
((
0 −iσα
iσα 0
)
,
(
I 0
0 −I
))
, σα
(α = x, y, z) are Pauli matrices; f
←→
D µg = fDµg −
(D†µf)g, Dµ = ∂µ − i(e/~c)Aµ is a covariant derivation
operator and Fµν = ∂µAν − ∂νAµ is the Maxwell field-
strength tensor. From the Euler-Lagrangian partial dif-
ferential equation, we can obtained the Dirac equation
and the Maxwell’s equation, γµDµΨ+ (mc/~)Ψ = 0 and
2∂ν Fµν = ieΨγµΨ, respectively.
According to Noether’s theorem, any continuous one-
parameter set of invariance of Lagrangian is associ-
ated with a local conserved current. For a closed sys-
tem involved Dirac field and the electromagnetic field,
the symmetries of system yield the conservation laws
: (1) The U(1) symmetry leads to the charge conser-
vation. Under the local U(1) gauge transformations,
Ψ → exp(−ieΛ/~c)Ψ, Ψ → Ψexp(ieΛ/~c), and Aµ →
Aµ − ∂µΛ , Noether’s theorem gives rise to the conti-
nuity equation ∂µJµ = 0 with the charge current den-
sity Jµ = iecΨγµΨ; (2) Spatial translational isotropy
begets the conservation of linear momentum while a time-
translation symmetry gives rise to the energy conserva-
tion. The continuity equation ∂µΘµν = 0 is obtained
from the invariance of Lagrangian under the time-space
translation transformations δxµ = δµνaν , δΨ = 0 , δΨ =
0, and δAµ = 0. Θµν = (~c/2)Ψγµ
←→
D µΨ + FµρFνρ −
1
4Fµ′ν′Fµ′ν′δµν + ∂ρ(FµρAν) is the energy-momentum
current density tensor; (3) Rotational isotropy gives birth
to the conservation of angular momentum. The La-
grangian is invariant under the transformations x′µ =
(δµν + ǫµν)xν , Ψ
′(x
′
) = [I − i(1/4)ǫµνσµν ]Ψ(x), Ψ
′
(x′) =
Ψ(x)[I + i(1/4)ǫµνσµν ], and A
′
µ(x
′) = (δµν + ǫµν)Aν(x),
with σµν = i(1/2)[γµ,γν ]. The total angular momentum
current density tensor Jλ,µν = { xµΘλν +FλµAν − (µ↔
ν)} − i(~c/4)Ψ{σµν , γλ}Ψ can be defined to satisfy the
continuity equation ∂λJλ,µν = 0.
The NRA of Dirac equation can be car-
ried out by separating the Dirac wavefunc-
tion into large and small components[17], i.e.,
Ψ = (ψA, ψB)
T exp[−i(mc2 + ǫ)t/~]. Following the
procedure of NRA given in Ref.[17], the normalized
two-component wavefunction can be written in the form
of ψ = [1 − (~2/8m2c2)σ · Dσ · D]ψA with a notation
D = ∇− i(e/~c)A. The NRA Hamiltonian reads[17, 18]
H = −(~2/2m)D2 + eϕ + i(e~2/4m2c2)σ · (E×D) −
(e~/2mc) σ · B − (e~2/8m2c2)∇ · E − i(e~2/8m2c2)σ ·
(∇×E), where E = −∇ϕ and B = ∇ × A are the
electric field and the magnetic field, respectively.
Alternative to obtain the continuity equation from
Hamiltonian we engage the same procedure of NRA to
the relativistic continuity equations. The correspond-
ing NRA of currents can be obtained from the rela-
tivistic continuity equations by the power expansion in
v2/c2 with the same procedure as obtaining the Hamil-
tonian with a SO coupling term. The symmetries of sys-
tem are not broken by this power expansion. It is in-
structive to demonstrate it in the NRA of charge cur-
rent Jµ = iecΨγµΨ, which satisfies ∂µJµ = 0 in the
relativistic quantum mechanics. In the nonrelativisitic
limit to the order of v2/c2, the continuity equation be-
comes ρ˙C + ∇ · JC = 0. The charge density ρC =
eψ†ψ + (~2e/8m2c2)∇2(ψ†ψ) − i(~2e/8m2c2)∇ · (ψ†σ ×
←→
Dψ) and the current density JC = −i(~e/2m)ψ†
←→
Dψ +
(e2~/4m2c2)[E+(2mc2/e)∇]×ψ†σψ have been expressed
in terms of the basic local observables. Look at the charge
density first. The second term concerns the variance of
localized density of carriers. The last term is in connec-
tion with the accumulation of localized spin due to the
spin flip. These two terms give a polarization vector
P = −
~2e
8m2c2
[∇(ψ†ψ)− iψ†σ ×
←→
Dψ]. (1)
This shows that the nonuniform and the SO interaction in
the system contribute an effective electric dipole. In the
charge current the first two terms are recognized as iden-
tical to eρCv with the Hamiltonian given above, where v
is the velocity vector. The last term is a ”spin magnetiza-
tion current” c∇×m arising from an ”intrinsic magnetic
moment”, wherem = (e~/2mc)(ψ†σψ). The supplement
of a magnetization term in the charge current has been
established for a long time[19]. The Dirac equation im-
plies the conservation law for the current ∂µJ
C
µ = 0 as
well as the decomposition JCµ = J
C
µ,G + ∂νmµν , where
JCµ,G is Gordon current and mµν = i(e~/4mc)Ψ[γµ, γν ]Ψ
is interpreted as the magnetic moment density due to the
carrier spin[19].
The above analytic approach can be applied to the
momentum current tensor Θµν . From ∂µΘµα = 0 we
have the continuity equation ρ˙M+∇·JM = 0, where the
momentum density is given by
ρM = −i
~
2
(1 +
~2
8m2c2
∇2)ψ†
←→
Dψ + ρMSO
+ρMG −
~2e
8m2c3
(∇ρC)×B+
1
c
E×B (2)
with ρMSO = −i(~
2e/8m2c3)ψ†(σB ·
←→
D − σ ·B
←→
D )ψ and
ρMG = (~/16m
2c2)∇ · (ψ†σ ×
←→
DDψ) − (~2e/8m2c3)∇ ×
(ψ†ψB) + (1/c)∇ · (EA). JM is the nonrelativistic limit
of momentum current which takes a form as
J
M = −
~2
4m
ψ†
←→
DDψ − i
~2e
8m2c2
[E× (ψ†σ
←→
Dψ)
+(ψ†σ ×
←→
Dψ)E−∇(ψ†ψ)E+ (∇E)ψ†ψ]
−(EE+BB) +
1
2
(E2 +B2 −
~e
mc
B · ψ†σψ)I
+
~e
2mc
Bψ†σψ +∇× (BA− i
~2
4m
ψ†σ
←→
Dψ) (3)
with the notation ψ†
←−−→
DβDα ψ = ψ
†DβDαψ +
(D∗βD
∗
αψ
†)ψ − (D∗αψ
†)(Dβψ)− (D
∗
βψ
†)(Dαψ).
The NRA of conservation of total angular momentum
current tensor Jλ,µν can be obtained in the same way.
The local angular momentum density is found as
ρA = x˜× ρM + ρS +
1
c
E×A+
~2e
4m2c3
ρCB, (4)
where x˜ = x − x0 with a constant vector x0. The first
term is the conventional angular momentum with the mo-
mentum density, while the last two terms in Eq. (4)
3come from electromagnetic field. The second term is the
intrinsic angular momentum density, associated with the
local spin, given by ρS = (~/2)[1−(~2/8m2c2)∇2]ψ†σψ+
ρSSO+ρ
S
G, where ρ
S
SO = (~
3/8m2c2)[2ψ†σD2ψ+(D†ψ†) ·
σ(Dψ) + (D†ψ†)σ · (Dψ)] is the contribution of SO cou-
pling induced by the transmutation and ρSG relates to the
surface terms ∇· (ψ†σ
←→
Dψ) and ∇× (ψ†
←→
Dψ). The local
angular momentum density satisfies the continuity equa-
tion ρ˙A +∇ · JA = 0 with the total angular momentum
current density tensor
J
A = x˜× [JM + i
~2
4m
∇× (ψ†σ
←→
Dψ)]− i
~2
4m
ψ†
←→
D σψ
+i
~2
4m
∇× [ψ†σ
←→
Dψ × x˜] + (B ·A)I−AB, (5)
where I is unit tensor. Notice that the survival of the
term adhered the constant vector x0 in a conserved angu-
lar momentum of system is not a trivial matter. The con-
tinuity equation of angular momentum is satisfied with
the symmetry of the invariance under spatial translation
being guaranteed. Let us emphasize that the present
form of total angular current is independent of the choice
of coordinate origin in the system.
So far we have got the NRA expression of the conserved
angular momentum current for a closed system including
the fermion and the electromagnetic field. In general,
the NRA conserved currents consist of three parts: or-
bital, spin, and electromagnetic. We next give a decision
in favour of the angular momentum current of fermionic
system by taking the electromagnetic field as an external
field. Because the conservation laws are equations of mo-
tion for the observables, the force and the torque on the
spin carriers, coupled to the external field, can be deter-
mined by the continuity equations. It is noted ∇· [(EE+
BB)− (1/2)(E2+B2)I+∇× (BA)] = EρC+(1/c)(JC×
B), which corresponds to Lorentz force, in the continu-
ity equation of momentum flux when the Maxwell equa-
tion is applied to the time-independent situation. While
the terms, in Eq.(3), −(~2e/8m2c2)[i(ψ†σ ×
−→
Dψ)E −
∇(ψ†ψ)E+(∇E)ψ†ψ]+ (~e/2mc)[Bψ†σψ− (B ·ψ†σψ)I]
can be regarded as the source of the force associated with
the carrier’s spin[5, 20]. The continuity equation of mo-
mentum current becomes ρ˙M
′
+ ∇ · JM
′
= F, where
the primes are meant to indicate the fermionic partition
of density and current. The momentum density vector
and the momentum current density tensor are given by
ρM
′
= −i(~/2)ψ†
←→
Dψ and JM′ = −(~2/4m)ψ†
←→
DDψ −
i(~2e/8m2c2)E×(ψ†σ
−→
Dψ)−i(~2/4m)∇×(ψ†σ
←→
Dψ), re-
spectively. The total force is found
F = e(E+
~2
8m2c2
∇2E)ψ†ψ + [JC − c∇×m]×B
+
~e
2mc
(∇B) · ρS + i
~2e
8m2c2
(∇E) · ψ†σ×
←→
Dψ.(6)
The first three terms are the Lorentz force and the
”Stern-Gerlach force” which relates to a magnetic field
gradient ∇B. The forth term is new which has not been
discussed previously. It relates to the fluctuation of local-
ized spin current and produces a torque on the angular
momentum. The continuity equation of angular momen-
tum has the general form ρ˙A ′ + ∇ · JA ′ = M, where
JA ′ is the total angular momentum current of electron
which can be written in the form of a sum of three terms
JA ′ = JO + JS + i(~2/4m)∇× (ψ†σ
←→
Dψ × x˜). The orbit
angular momentum current is given by
J
O = x˜× [JM′ − i
~2
4m
∇× (ψ†σ
←→
Dψ)] (7)
and the spin current is defined by
JSβα = −i
~2
4m
ψ†σα
←→
Dβψ − ǫβαγ
~2e
8m2c2
Eγψ
†ψ. (8)
The term on the right hand side of continuity equation
is the torque M which relates to the total angular mo-
mentum, not spin partition itself. We find
M = x˜×F+
e
mc
ρS ×B+ i
~2e
8m2c2
(ψ†σ×
←→
Dψ)×E. (9)
There are several origins in the torque M. Besides the
conventional torque caused by the force F, the second
term is the torque in the fundamental equation of spin
resonance theory and the third term is a torque in-
duced by the spin current. Because we are ultimately
interested in relating the induced torque to the effect of
SO coupling, a fluctuation in the spin current ∆JS =
i(~2/4m)ψ†(σ ×
←→
D )ψ is introduced or, equivalently
∆JSα = ǫαβγJ
S
βγ +
~2e
4m2c2
Eαψ
†ψ. (10)
By using Eq. (8) the relation between ∆JSα and the spin
current can be put in the form ǫαβγ∆J
S
γ = J
S
αβ − J
S
βα.
This vector has its own significance[21]. It contributes
a force if there is a spatial change of electric field and a
torque on the spin when the carriers moves in an electric
field. From Eqs. (6) and (9) an force ∆F and a torque
∆M induced by the SO coupling may be obtained, which
can further be separated into the contributions from the
accumulation of spin and the fluctuation of spin current,
in a compact form
(
∆F
∆M
)
=
e
2mc2
(
2c(∇B)· (∇E)·
−2cB× −E×
)(
ρS
∆JS
)
. (11)
It is noted that ∆JS is just the ”electric dipole” < lˆ >=
− < (µˆ/2c)×(−i~Dˆ/m) > with the intrinsic magnetic
dipole moment µˆ = (~e/2mc)σ. Physically, it is thinking
to be a spin vector rotates around an axis with a velocity
4−i~(D/m) to give rise a magnetic current circuit, equiv-
alently, an ”electric dipole”. The torque on the ”electric
dipole” is < lˆ > ×E as expected.
Next, we apply the formulism to a two-dimensional
electron gas (2DEG) with the Rashba SO interaction.
This can be achieved by taking E = (0, 0, Ez) and
A = 0 in our derivations. In the follow discussion the
indices k and l are specialized to 2D indices while α still
is indicated in 3D space. The Rashba Hamiltonian is
then given by HR = (1/2m)p
2 − (λ/~)(pxσy − pyσx)
with λ = (~2e/ 4m2c2)Ez . The momentum current
in Eq. (3) reduces to JMkl
′
= −(~2/4m)ψ†
←−−→
∇k∇lψ +
iǫkjz(λ/2)[ψ
†σj
←→
∇ lψ − (~
2/2mλ)∂j(ψ
†σz
←→
∇ lψ)]. It is
easy to prove that ∇kJ
M
kl
′
= 0 and Fβ = 0 for the sta-
tionary states. The total angular momentum current is
given by
JA ′kα = J
O
kα + J
S
kαk + i
~2
4m
∇× [(ψ†σ
←→
Dψ)× x˜]kα. (12)
It is shown that the orbit part of angular momentum
current density, JOkα = −(~
2/4m)ǫαjlxj(ψ
†←−−→∇l∇kψ) −
i(λ/2)δαzx˜ · (ψ
†σ
←→
∇ kψ), is nonvanishing only for α =
z. The corresponding spin current is given by JSkα =
−i(~2/4m)ψ†σα
←→
∇ kψ−ǫkαz(λ/2)(ψ
†ψ). It is shown that
the divergence of spin current, in general, satisfies the
equation ρ˙S + ∇ · JS = T with the torque Tx(y) =
i(λ/2)(ψ†σz
←→
∇ x(y)ψ) and Tz = −i(λ/2)(ψ
†σ ·
←→
∇ ψ). A
straightforward calculation shows ∇kJ
O
kz = −Tz. This
leads to ∇kJ
A′
kz = 0, while ∇kJ
A′
kl = Tl, i.e. the compo-
nent of total angular momentum perpendicular to the x-y
plane is conserved, which shows clearly how the transmu-
tation between the spin and the orbit angular momenta
occurs in the system with a SO coupling, while the in-
plan components of spin current are not conserved by
requiring a torque on it. It is worth to emphasize that F
is nonvanishing in the presence of an in-plan electric field.
The force gives rise to an extra conventional torque. In
general, it can be shown a relation between the torques
T and ∆M, acting on the spin itself and on the total
angular momentum, respectively,
∆M = T+ i
~2e
8m2c2
ψ†(σ ×E)×
←→
Dψ. (13)
We note that there is an essential difference between
the force F defined from the continuity equation of mo-
mentum current and the transverse force f on the spin
for driving spin current. The latter is the covariant force
on a spin defined from the equation of motion
mv˙ = −m∇ · Jv + f , (14)
where v is the velocity of a wave packet of spin-
polarized electron. In a Rashba 2DEG it is found vj =
−(~2/2m)ψ†
←→
D jψ− (2λ/~
2)ǫzjkρ
S
k + (1/m)ǫjkl∇kρ
S
l . J
v
is the corresponding tensor of velocity flux given by
Jvjk = (1/m)J
M′
jk + (2λ/~
2)ǫzlkJ
S
jl . The second term in
the velocity flux can be understood as a drift velocity be-
cause of bringing the electric field to bear on the moving
spin. The covariant force on a spin is found as
fj = −
2mλ
~2
ǫzjkTk + ǫjkα∇kTα. (15)
Replacing Tk = −(2mλ/~
2)JSkz into the second term of
fj, we find fj = (4m
2λ2/~4)ǫzjkJ
S
kz . Because of the op-
posite signs for the contrary components of spin-polarized
spin current, the different spins experience the transverse
forces in the opposite directions[6, 7].
The main results of this paper may now be summa-
rized as follows. The conservation law of NRA conserved
angular momentum based on the Noether’s theorem has
been formulated systematically and rigorously. It is iden-
tified with that the torques are generated on a moving
spin through the ”electric dipole” when the electromag-
netic field is regarded as an external field. As an example
of the application, we consider a Rashba 2DEG and show
that a torque will develop on the spin. The transmuta-
tion between the spin and the orbit angular momenta
has been demonstrated explicitly. Furthermore, the co-
variant force on the spin in the presence of SO coupling
is clarified.
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